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' Abstract. Let G be a reductive algebraic group defined over a 

number field K and let 5 be a finite set of non-equivalent valuations 
f-H I of K containing the archimedean ones. Let G = Yives ^i^v) 

i and r be an 5-arithmetic subgroup of G. Let TZ C S and T-jz = 

YiveTz'^^ where Ty is a sub-torus of G{Kv) containing a maximal 
if^-split torus. We prove that if G/F admits a closed TTj-orbit then 
TZ — S or TZ is a singleton. In addition, the closed TTj-orbits are 
always "standard"; this generalizes the result of |To- We| . When 
#5 > 1 it turns out that ioi TZ = S there are no divergent orbits 
and for ^TZ — 1 all closed orbits are divergent. As an application, 
^ ' we prove that if a collection of decomposable homogeneous forms 

CO . /„ € Kv[xi, . . . ,Xn\,v G S, takes discrete values at O", where O 

is the ring of 5-integers of K, then there exists an homogeneous 
form g G 0[xi, . . . , Xn] such that /„ = a^g, a„ € K*, for all v G S. 
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1. Introduction 

Let G be a reductive algebraic group defined over a number field 
K and let iS be a finite set of (normalized) valuations of K containing 
all archimedean ones. If f G iS we set = G{Ky), where is the 
completion of K with respect to v. Every Gy is a locally compact group 
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> 

^ I with a topology induced by the topology of K^. Let G = Yl^^gGy. 

■ The group of i^-rational points G{K) is identified with its diagonal 

imbedding in G. We denote by F an iS-arithmetic subgroup of G, that 
is, r is a subgroup of G such that F fl G{0) has finite index in both F 
and G{0), where O is the ring of iS-integers of K. We fix a maximal 
i^'-spht torus D of G and, for every t> G 5, we fix a fri,-torus T„ of 
G such that T^, contains both D and a maximal i^'i,-split torus of G. 
Let 7^ be a non-empty subset of S. Recall that the TZ-rank of G (or 

G) is ranlcTjG ^^^^^ rank;<-^G. (If F is a field containing K then 
rankiT'G is by definition the dimension of any maximal F-split torus of 
G.) We set Tn = Hi-eTe^^ and Dn = Yly^^T^Dy, where T„ = Ty{Ky) 
and Dy = T){Ky). Then Tn is a torus of maximal TZ-rank and it acts 
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on G/V by left translations 

t'n[g) = Tx[tg), 

where vr : G G/F is the quotient map. An orbit T-jiTT^g) is called 
divergent if the orbit map t — > tTi{g) is proper, i.e. if {Un^g)} leaves 
compacts of G/V whenever {ti} leaves compacts of T-ji. In particular, 
the divergent orbits are closed. 
We prove the following: 

Theorem 1.1. Let rankT^G > and g E G. 

(a) The orbit T-jiirlg) is closed if and only if TZ is a singleton or 
TZ = S, and there exists a K -torus L o/ G such that 

g'^Tug = CLti, 

where C is a compact group and L-ji = Yl^^-ji^'iKy) ; 

(b) The orbit T-jiT^i^g) is divergent if and only if the following con- 
ditions are satisfied: TZ is a singleton equal to v, rank/^^G = 
rank^^G and 

g e Zg{D,)G{K), 

where Dy is identified with its natural projection in G and ZG{Dy) 
is the centralizer of in G. 

Theorem 11.11 generalizes the following result by B.Weiss and the au- 
thor, the second part of which has been earlier proved (though un- 
published) by G.Margulis for G = SLn endowed with the standard 
Q-structure (cf. jTcPWet Appendix]). 

Theorem 1.2. ( |To- Wei Theorem 1.1]) Let G be a reductive Q-algebraic 
group, T an M.-torus containing a maximal R-split torus, T = T(M) and 
let X E G. Then: 

• T7t{x) is a closed orbit if and only if x~^Tx is a product of a 
Q-subtorus and an "M.- anisotropic R-subtorus; 

• Tit{x) is a divergent orbit if and only if the maximal M.-split 
subtorus of x~^Tx is defined over Q and Q-split. 

When j^TZ > 1, Theorem 11.11 implies a specific phenomenon: 

Corollary 1.3. // > 1 and T-jiii^g) is a closed orbit then either 
TZ = S and T-jiTi^g) is never divergent, orTZisa singleton and T'jiTi{g) 
is always divergent. 

An orbit T'jiTi{g) is called locally divergent if TyTT{g) is divergent for 
every v E TZ. Theorem 11.11 will be deduced from the next theorem 
about the locally divergent orbits. 
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Theorem 1.4. Let rank7^(G) > 0. Then the orbit TuTi^g) is closed 
and locally divergent if and only if the following conditions are fulfilled: 

(i) TZ = S or TZ is a singleton; 

(ii) rank7^(G) = #7^ rank/^(G); 

(iii) g G AfciDiijG^K) , where JVciD-n) is the normalizer of D-ji in 
G. 

When 7^7^ = 1 we can replace the normalizer jVciD-ji) in the for- 
mulation of Theorem 11.41 (iii) by the centralizer ZGiD-ji). This is not 
possible when TZ = S (see 6.2 (b)). 

As a consequence of Theorem 11.41 one can easily see that the locally 
divergent T7j,-orbits are also all "standard": 

Corollary 1.5. Let g E G. The orbit T-jiTT^g) is locally divergent if 
and only if 

rank7^(G) = #7^ rankx(G) 

and 

gef] Zg{D,)G{K). 

We also get the following result: 

Corollary 1.6. (a) //rank7^(G) > i^TZ rankx(G) then there are 
no locally divergent orbits for T-ji; 
(b) Let G be semisimple, jj^TZ > 1 and rank7^(G) = j^TZ rank;^(G) > 
0. Then there exist locally divergent but non-closed orbits for 

We apply Theorem 11.11 to obtain a characterization of the rational 
decomposable homogeneous forms in terms of their values at the integer 
points. Such forms appear in a very natural way in both the algebraic 
number theory and the Diophantine approximation of numbers in con- 
nection with the notable Littlewood conjecture. (See, |Bor-Sh| ch.2] 
and )Ma| §2], respectively.) 

We will first formulate our result in technically simpler particular 
cases. Given a commutative ring i?, we denote hy R[ x ] the ring of 
polynomials with coefficients from R'm n variables x = {xi, . . . , x„). 

Theorem 1.7. Let f{x) = li{x) . . . lm{x) , where li{x) , . . . , lm{x) G 
]R[ X ] are real linear forms. Suppose that li{x), . . . , lm{x) are linearly 
independent over M and that the set /(Z") is discrete in M. Then 
f{x) = ag{x), where g{x) G Z[f ] and a G M*. 

The hypotheses that the form /(x) is decomposable and /i(x), . . . , 
lm{S) are linearly independent over M are essential. (See §7 for simple 
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examples.) It is easy to prove (see |Bor-Sh[ ch.2, Theorem 2]) that 
the form g{x) in the formulation of the theorem is a constant multi- 
ple of a product of forms of the type l^K/qixi + X2^2 + • • • + Xnfin), 
where /i2,...,/in are algebraic numbers linearly generating a totally 
real number field K of degree n and Nk/q is the algebraic norm of K. 

If / is a decomposable homogeneous form with complex coefficients 
and we are considering the values of / at the Gaussian integer vectors, 
we get: 

Theorem 1.8. Let f{x) = li{x) . . . , where . . . , /^(x) G 

C[ X ] are complex linear forms. Suppose that li{x), . . . , lm{x) are lin- 
early independent over C and that the set /(Z[i]") is discrete in C. 
Then f\x) = ag{x), where g{x) G Z[z][x] and a G C*. 

Let K, S and O be as in the formulation of Theorem ll.il For every 
V E S, let = l^K-.lln' G K^[x], where l^^\...Jm^ are linearly 
independent over linear forms in Denote by Kg the direct 

product of the topological fields K^, v E S. Both Theorems 11.71 and 
11.81 are particular cases for = Q and K = Q{i), respectively, of the 
next general theorem: 

Theorem 1.9. With the above notation, assume that {{fv{z))ves ^ 
Ks\z G C"} is a discrete subset of Kg. Then there exist an homoge- 
neous form g with coefficients from O and an element (q;^)^^^ G Kg 
such that fv = Qvd for all v E S. 

In connection with Theorem 11.91 it seems natural to formulate the 
following conjecture which generalizes a well known conjecture for the 
real forms /: 

Conjecture. Let f^, v G S, be as in the formulation of Theorem 11.91 
with n = m and ^S.n > 2. Additionally, assume that there exists a 
neighborhood of in Kg such that (/i,(i'))t,e5 ^ W for every z G 
(9", z 0. Then there exist an homogeneous form g with coefficients 
from O and an element G such that = a^g for all v E S. 

Using the 5-adic version of Malher's criterion (see Theorem 13.11 be- 
low), it is easy to see that the above conjecture can be reformulated in 
terms of Theorem 11.11 as follows: If G = SL„ and rank^G > 1 then 
TsTT{g) is compact whenever Ts7[{g) is relatively compact. In the case 
n = 3 and K = Q the conjecture implies fcf. |Mal §2]) the Littlewood 
conjecture which states that 



lim inf n(na)(n/3) = 

n— >oo 
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for all G M, where (x) denotes the distance from x to Z. In 
i], using the dynamical approach, M.Einsiedler, A.Katok and 
E.Lindenstrauss proved that the Littlewood conjecture fails at most 
on a set of Hausdorff dimension zero. Similar results in the p-adic 
setting have recently appeared in the M.Einsiedler and D.Kleinbock 
paper |Ei-Klj . 



The paper is organized as follows. The notation and the terminology 
are introduced in §2. Our starting point is the paper |To-Wej . In §3, 
using jib- Wej . we prove an iS-adic compactness criterium in terms of 
intersections of so-called quasiballs with horospherical subsets. In §4 
we prove Proposition 14.31 which plays a crucial role in revealing the 
dichotomy in Corollary 11.31 In §5 we describe the locally divergent 
orbits in terms of minimal parabolic i^-algebras. In order to do this, 
we have to apply more intrinsic arguments than in |To-We| §5] for the 
proof of a similar result. For instance, the Galois type arguments are 
replaced by Proposition 15 .41 from the algebraic group theory. Theorems 
11.11 11.41 and their corollaries are proved in §6. The proof of Theorem 
11.91 is given in §7. 

The author is grateful to Manfred Einsiedler, Dima Kleinbock, Gre- 
gory Margulis and Barak Weiss for the useful discussions and to the 
Max Planck Institut fiir Mathematik, where the main part of this work 
was accomplished, for its hospitality. 



2. Preliminaries: notation and basic concepts 

2.1. Numbers. As usual C, M, Q and Z denote the complex, real, 
rational and integer numbers, respectively. 

In this paper K denotes a number field, that is, a finite extension of 
Q. All valuations of K which we consider are supposed to be normalized 
(see |Ga-F| ch.2, §7]) and, therefore, pairwise non-equivalent. If is a 
valuation of K then is the completion of K with respect to v and 
I . |„ is the corresponding norm on iir„. If v is non-archimedean then 
= {x G -R'l, : I X It, < 1} is the ring of integers of K^. 

We fix a finite set S of valuations of K containing all archimedean 
valuations of K. The latter set is denoted by Soo or, simply, oo, if this 
does not lead to confusion. We also put Sf = S \ Soo- 

We denote by O the ring of 5-integers of K, i.e., O = K^{^^^g O^). 

def 

For any non-empty subset TZ of S, K-ji = Ylveiz ^ direct prod- 
uct of locally compact fields. Note that K-n is a topological ring and 
that the diagonal imbedding of K in Kn is dense. As usual, we denote 
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by the multiplicative group of all invertible elements in the ring 

2.2. Norms. Let V be a finite dimensional vector space defined over 
K. For every 71 C S (respectively v E S) we write Vji for Y{Kti) 
(respectively, Vy for Y{Ky)). Fixing a basis of i^'-rational vectors 
Ci, . . . , e^, for every i^'-algebra A, we identify V(yl) with A^. For every 
V E S we define a normalized norm || ■ ||„ on as follows. If v is real 
(respectively, complex) then || ■ ||^ is the standard norm on M" (respec- 
tively, the square of the standard norm on C"'). If v is non-archimedean, 
then II ■ 11^, is defined by ||x||^ = maxj \xi\y, where (xi, . . . ,Xn) are the 
coordinates of the vector x G K with respect to the bases ei, . . . , e„. 

For X = (x*^^^)^g5 in Vji we define the norm of x as 

II II II Mil 

X 7^ = max x^ L. 

Also, if 7^ = 5 we define the content of x as 

C5(x) = ni|x('')||.. 

Since all our norms are normalized and Ylves 1^1^" ~ -'- every ^ E O* 
|Ca-F| ch.2. Theorem 12.1], we have that 

(1) C5(x)=C5(ex),VeGO*. 

By a pseudohall in Vs of radius r > centered at we mean the 
set Bsir) = {x G V5|c5(x) < r}. We preserve the notation Bsir) to 
denote the usual ball in Vs of radius r centered at with respect to 
the norm ||.||5. 

2.3. f^-algebraic groups and their Lie algebras. We use boldface 
upper case letters to denote the algebraic groups and boldface lower 
case Gothic letters to denote their Lie algebras. 

In this paper G is a reductive algebraic group defined over K. Recall 
that the Lie algebra g of G is equipped with a i^-structure compatible 
with the i^'-structure of G |Boll Theorem 3.4]. An algebraic subgroup 
of G defined over K is called shortly K-suhgroup. 

de f 

Given TZ d S and a i^-subgroup H of G, we usually denote H-ji = 

def 

H^Kti) and [)tz = ij^K-ji). The group H-ji (respectively, its Lie al- 
gebra [)ti) is identified with the direct product ^^;67^ (respectively, 

Uven^v)^ where =^ H(i^„) (respectively, \)y =^ ijiK^,)). But if 
TZ = S and this does not lead to confusion we prefer the simpler nota- 
tion H (respectively, [)) for Hg (respectively, f)^). 
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We will use the notation pr^ to denote both the natural projections 
G G-ji and Q ^ Qn- (The exact use of pr^ will follow from the 
context.) 

On every we have a Zariski topology induced by the Zariski topol- 
ogy on G and a Hausdorff topology induced by the locally compact 
topology on K^. The formal product of the Zariski (respectively, Haus- 
dorff) topologies on Gt,, t> G 7?., is the Zariski (respectively, Hausdorff) 
topology on G-ji. In order to distinguish the two topologies, all topo- 
logical notions connected with the first one will be used with the prefix 
" Zariski" . 

An element g = {gv)v&i ^ G-ji is called unipotent (respectively, 
semisimple) if each f-component g^ of g is unipotent (respectively, 
semisimple). A subgroup U of Gn is called unipotent if it consists 
of unipotent elements. A subalgebra u of Qti is unipotent if it corre- 
sponds to a Zariski closed unipotent subgroup U of G-ji, i.e. if there 
exists a subgroup U C G-ji such that U = Ylven ^^"^^ Zariski 
closed in G^, and u = ^^,e7^ where is the Lie algebra of U^. 

If P is a parabolic i^T-subgroup of G then -R„(P) denotes the unipo- 
tent radical of P. The unipotent radical of the Lie algebra of P is by 
definition the Lie algebra of -R„(P). 

If if is a subgroup of G then Ng{H) (respectively, Zg{H)) denotes 
the normalizer (respectively, the centralizer) of H in G. 

For any non-empty TZ d S the adjoint representation AdT^ : G-ji 
GL^g-ji), where GL(07^) = ni;e7^ '^-'^(s^)' direct product of the 

adjoint representations Ad^, : Gy — > GL(gi,), v E TZ. We will use the 
notation Ad (respectively, Adoo) when IZ = S (respectively, TZ = Soo). 

2.4. 5-arithmetic subgroups. Recall that F is an S- arithmetic sub- 
group of G, i.e., F n G{0) has finite index in both F and G{0). 
We assume that G is imbedded in SL„ in such a way that G{0) = 
SL„(0) n G and fl(C) = slniO) fl q. In particular, g{0) is invariant 
under the adjoint action of G{0). Let F' be a subgroup of finite in- 
dex in F and let : G/T' —>■ G/T he the natural map. Since is a 
proper map it is easy to see that Theorems 11.11 IT!^ and their corollaries 
are valid for F if and only if they are valid for F'. Therefore, we may 
suppose without loss of generality that F = G(C). 

Let TT : G — s> G/r be the natural projection. For every x G G/T we 
introduce the following notation, li x = n{g), g E G, we denote 

g. = Ad{g)s{0). 

Since q{0) is Ad(F)-invariant, Qx does not depend on the choice of the 
element g. 
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3. Compactness criteria in 5-adic setting 

3.1. 5-adic Mahler's criterion. Let G = SLn{Ks), T = SL„(0) 
and TT : G —>■ G/T be the natural projection. The group G is acting 
naturally on Kg and F is the stabilizer of in G. If r > then Bs{r) 
(resp., Bsir)) is the ball (resp. pseudoball) in Kg centered in and 
with radius r (see §2.3). 
We have 

Theorem 3.1. (Mahler's criterion) With the above notation, given a 
subset M C G the following conditions are equivalent: 

(i) 7r(M) is relatively compact in G/T; 

(ii) There exists r > such that gO"" n Bs{r) = {0} for all g e M; 

(iii) There exists r > such that gO"^ (1 Bs{r) = {0} for all g & M . 

The equivalence between (i) and (iii) is proved in |Kl-To[ Theorem 
5.12] and it is obvious that (ii) implies (iii). In order to prove that 
(iii) implies (ii) note that, in view of the formula ([Q), every Bs{r) 
is invariant under the multiplication by elements from O*. Now the 
implication easily follows from the following lemma: 

Lemma 3.2. There exists a constant k, > 1 with the following property. 
Let X = (cc(''))^g5 G K2 be such that x^"^ ^ for all v e S. For 
each V E S we choose a positive real number in such a way that 
Cs{x) = Ylves^-"- Then there exists ^ G (9* such that 

(2) -<Ux^''^\U<Ka, 

K 

for all V E S. In particular, for every x as above there exists ^ G O* 
such that 

(3) ^ < Ux\\s < KCsixy/"^, 

K 

where m = ^S. 

Proof. Let Kl = {y = (|/(-)) G K*s\]\^^g\y^'X = 1}. Then 
O* C Kl and Kl/O* is compact [Ta^ ch.2, Theorem 16.1]. Therefore 
there exists a constant > 1 such that for every y = (y^""^) G Kg there 
exists E O* such that 

(4) -< |ei/^^i<«:o,Vt;G5. 

Let X and a^,, f G S, be as in the formulation of the proposition. 
There exists a constant c > 1, depending only on S, such that for 
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every v E S there exists a*-^-* G K* with 

(5) <a. <c|a('^)|, 

and riiiGS 1"^"''^ = Uves^v- So, C5(a"ix) = 1 where a = {a^''^)v^s e 
Kg. Put K = KqC. In view of (0]) and (0) there exists ^ G O* such that 

which proves 

In order to prove Q it is enough to apply (0) with = C5(x)^/". □ 

3.2. Horospherical subsets. We need to prove a compactness crite- 
rion which reflects the group structure of G. 

We generalize the notion of horospherical subset from |To-Wel Defi- 
nition 3.4]. 

Definition 3.3. Let IZ C S. K finite subset AA of is called IZ- 
horospherical (or, simply, horospherical when TZ is implicit) if 7W = 
pT-j^{Ad{g){A4o)), where g E G and A4o is a subset of which spans 
linearly the unipotent radical of a maximal parabolic if-subalgebra of 

The next proposition provides a compactness criterion in terms of 
the intersection of pseudo-balls (and balls) in g with g^,, x G G/T (see 
2.1 for the notation). It generalizes |To-Wel Propositions 3.3 and 3.5]. 

Proposition 3.4. Assume that G is a semisimple algebraic group. 
Then the following assertions hold: 

(a) There exists r > {respectively, t > 0) such that for any x = 
7i{g) the subalgebra of q spanned by Bs{r) fl {respectively, 
Bs{t) n Qx) is unipotent; 

(b) (Compactness Criterion) A subset M of G/T is relatively 
compact if and only if there exists r > {respectively, t > 0) 
such that Bs{r) fl g^^ {respectively, Bs{t) fl g^O does not contain 
a horospherical subset for any x G M . 

3.3. Proof of Proposition 13. 4L For every t > we let r = (^)'", 
where n and m are as in the formulation of Lemma 13.21 It follows from 
Lemma 13.21 that 

Bs{t/K) C Bs{r) C 0*Bs{t). 

Now the validity of the proposition for the balls Bs{t) implies easily 
its validity for the pseudoballs Bs{r). 
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Further on, the proof of the proposition breaks in two cases. (In 
view of 2.4, we will assume that T = G(0).) 

3.3.1. The case S = Soo- Let Rk/q be the Weil restriction of scalars 
functor. Then H = Rk/q(G) is a semisimple Q-algebraic group and 
^ = RK/Q(fl) is its Q-Lie algebra. Denote A = H(Z), H = H(M) 
and f) = The following properties of the functor Rk/q are well 
known and easily follow from its definition (see, for example, |P1-R1 
ch.2, §2.1.1]). There exist continuous isomorphisms /i : G — *• if and 
u : Q^i) such that fi(T) = A, z/(fl(C)) = i){Z) and 

for all (7 G G and x G g. Moreover, maps bijectively the family of the 
horospherical subsets of q to the family of the horospherical subsets 
of 1) and /i induces an homeomorphism G/T H/A. Hence, when 
S = Soo the proposition follows from the case K = Q considered in 
(To-We| Propositons 3.3 and 3.5]. 

de f 

3.3.2. The case S 2 '^oo- We introduce the topological rings Of = 
n,e5; and Kf =^ x Of (see 2.1). So, 0^ = On{K^^ Of) is 
the ring of integers of K. 

If G is the simply connected covering of the algebraic group G 
then G/T is naturally homeomorphic to G/F, where G = G{Ks) and 
F = G{0). In view of this and of Theorem 14.11 below, we may (and 
will) assume without loss of generality that G is simply connected and 
without ii"-anisotropic factors. Then the diagonal imbedding of F into 
n?;e5j. G{Ky) is dense. (This fact follows immediately from the strong 
approximation theorem |P1-RI Theorem 7.12].) Therefore 

G = G{Kf)r. 

Every g E G can be writhen in the following way 

(6) g = googfi, 

where g^o £ Goo^gf £ G(0/) and 7 G F. Let Fqo = G{Kf) fl F. Then 
G/V is homeomorphic to G{Kf) /Vac and the projection of G{Kf) on 
Goo yields the following map 

V? : G/T -> Goo/Foo, v{T^{g)) =^ vroo(fi'oo), Vfif G G, 

where tToo : Goo — ^ Goo/F is the natural map. In view of the compact- 
ness of G(C/), if is a proper continuous map. 
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Let A be a subset of Qoo and x = ir^g) for some g E G. Set Af = 
A X Q{Of). Using (jni) and the fact that q{0) is invariant under the 
adjoint action of F, we obtain 



WooiQx^Af) = wlKds{g){Q{0))nAf 
(7) ^ 

wJ^^s{9oogf){Q{0)nAf)) =Qoo,yr\A 



where y = (p{x) and Qoo,y = Adoo(5'oo)£l(C^oo)- (Recall that pr^^ denotes 
the natural projection q Qoo ) 

Let B{t) = B^{t) X Q{Of). Applying (0) with A = B^{t), we get 

pr^(g,n5(t)) 

Since the restriction of pr^^ to 0^ is injective, we obtain that the sub- 
algebra spanned by nB{t) is unipotent if and only if the subalgebra 
spanned by 0oo y H Bodt) is unipotent. This, in view of 3.3.1, proves 
(a). 

Let us prove (b). If M is compact, it follows from the continuity of 
the adjoint action that if t > is sufficiently small then Bs{t) CiQx does 
not contain horospherical subsets for all x G G/T. In order to prove the 
inverse implication, let M C G/T and t > be such that Bs{t)nQx does 
not contain horospherical subsets for any x G M. Assume the contrary, 
that is, that there exists a divergent sequence {xi} of elements in M. 
Then the sequence = v^(xj)} is divergent in Goo/roo (because (p is 
proper). Since the proposition is true for Goo/roo, for every e > there 
exists i ^ such that Boo{£) H Qoo,yi contains a horospherical subset. 
Set B{e) = B^{e) x fl(C/). By (0) (applied with A = Boo{e)) and the 
injectivity of the restriction of pr^^ to q^, we obtain that B{e) fl 0^;- 
contains a horospherical subset. Now, using Lemma 13.21 we conclude 
that Bs{t) n g^.. contains horospherical subsets for all sufficiently large 
i. Contradiction. □ 

3.4. Expanding transformations. For every u G 5, we fix a max- 
imal Kt,-split torus Tt, of G. We denote = T^^Ky) and Tti = 
Ylv^n where 7?. is a non empty subset of S. 

Proposition 3.5. With the above notation, for every real r > 1 there 
exists a finite setti, . . . ,ts of elements inT-ji such that ifu is a unipotent 
subalgebra of qh then there exists an element ti such that 

(8) ||Ad(t.)(x)|U>r||x||,e 
for all X G u. 
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Proof. It is easy to see that it is enough to prove the proposition 
when 7^ is a singleton. Let TZ = {v}. If v is real then the proposition 
is proved in |To-Wet Proposition 4.1]. Here we present a shorter proof 
for an arbitrary v. 

Let and u~ be invariant under the adjoint action of maximal 
unipotent subalgebras of which are opposite to each other. Then 

(9) (j^ = {deT^\ lim Ad(rf")x = cx), Vx G u+} 

n— >+oo 

is the interior of the Weil chamber corresponding to (see |Bolj ). 
Denote by f/+ and U~ the unipotent subgroups of Gy with Lie algebras 
and u~, respectively. 

Now let Uy be any maximal unipotent subalgebra of g^. There exists 
g ^ Gy such that Ad(5')u^ = u^,. By Bruhat decomposition g = aub, 
where u G Mc^iTy), a and h G Uy and uj~^au} G U~ . We can write 
= Ad(co'a")u^, where a~ = uj^^auj. Let x G and fy G Cy. We 
put y = Ad{uja~)x and dy = ufyU^^. Using (jH)) and the fact that 
lim„_+oo fyO.'fy'' = 0, we get 

lim AdK)y= lim Ad(c.(/>-/-'^))oAd(/;)(x) = oo. 

n— >+oo n^+oo 

Therefore, taking t = rf" with n sufficiently large, we obtain that 

(10) ||Ad(t)^||, > rll^ll, 

for all non-zero z E Uy. 

Since the stabilizer of every maximal unipotent subalgebra is a min- 
imal parabolic subgroup and all minimal parabolic subgroups are con- 
jugated, the set of all maximal unipotent subalgebras can be identified 
with the compact homogeneous space Gy/Py, where Py is the para- 
bolic subgroup of Gy with Lie algebra u^. It is easy to see that (fTI]|) 
is true for all subalgebras in a neighborhood of u^. Now the existence 
of the elements ti, . . . ,ts as in the formulation of the theorem follows 
from the compactness of Gy/Py by a standard argument. □ 

4. Closed orbits of reductive /^-groups 

4.1. Reductive groups. Recall the iS-adic version of a well-known 
theorem of Borel and Harish-Chandra. (As usual, G = G{Ks) and 
F = G(C).) 

Theorem 4.1. fcf. |P1-R| Theorem 5.7 ]) Let G be a reductive K-group 
and let X^(G) he the group of K -rational characters of G. Then 

(a) G/T has a finite invariant volume if and only z/X/<(G) = {1}; 

(b) G/T is compact if and only if G is anisotropic over K . 
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Because of the lack of appropriate reference we will prove the follow- 
ing known proposition. 

Proposition 4.2. With the above notation, let H. be a reductive sub- 
group of G defined over K and H = li{Ks)- Then Hir^e) is closed in 

G/r. 

Proof. Using the Weil restriction of scalars, one can reduce the 
proof to the case when K = Q. In view of |Bo2l Proposition 7.7] there 
exists a Q-rational action of G on an affine Q-variety V admitting an 
element a G V(Z) such that H = {g E G\ga = a}. Since the map 
G ^ V, (7 — > ga, is polynomial with rational coefficients, there exists 
a non-zero integer n such that jna G V((9) for all 7 G F. Therefore 
TH is closed in G, equivalently, Hn^e) is closed. □ 

4.2. Algebraic tori. We will need the following 

Proposition 4.3. Let T be a K-torus in G and let TZ be a non-empty 
subset of S. Suppose that T-ji is not compact. Then the orbit T-jiTT^e) is 
divergent if and only if the following conditions are fulfilled: 

(i) TZ = {vo} is a singleton, and 

(ii) rankiifT = rank^^^T > 0. 

Proof. In view of Proposition !^^ the orbit T{Ks)TT{e) is closed and, 
therefore, homeomorphic to T{Ks) / (T{Ks) fl F). So, we may suppose, 
with no loss or generality, that T = G. 

Assume that the orbit T-jin^e) is divergent. Let (respectively, 
Td) be the largest i^-anisotropic (respectively, spht over K) subtorus 
of T. It is well known that T is an almost direct product of Tq and T^. 
This implies that if there exists v E TZ such that rank^^T > rank^T 
then Tai^K-ji) is not compact. But Ta{Ks)Ti{e) is compact (Theorem 
14.11) . Therefore, T7^7r(e) can not be divergent, a contradiction. So, 
rankx^T = rank^T for all v E TZ. In this case Ta{K']i) is compact 
and, since T-ji is not compact, T^^ is not trivial. Note that T-jiTT{e) is 
divergent if and only if Tf;(i^'7^)7r(e) is divergent. 

In order to prove (i) consider the character group Xk{T) of T. It 
is well known that Xi^(T) is a free Z-module of rank equal to dimT^ 
(cf. |Boll 8.15]). Let xi, ■ ■ ■ ,Xr be a basis of Xk(T). Define a homo- 
morphism of ii^-algebraic groups x = (Xi; • • • yXr) '■ T G^, where 
Gm denotes the one-dimensional iiT-split torus. Let T = T{Ks) and 
= {{t^)v€S e T| n^65 \Xi{tv)\v = 1 for all i}. It follows from |CO!l 
ch.2. Theorem 16.1] that F is a co-compact lattice in Tq. Set (p : T ^ 
W, <^((tj^,es) = (log(n^G5lXi(^t>)^),---, log(n,;G5 IXr(4)k))- It Is 
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clear that is a continuous surjective homomorphism of locally com- 
pact topological groups with ker((y9) = To. Since To/T is compact, ip 
induces a proper homomorphism ip : T/T — > T/Tq. Now let TZ contain 
two different valuations Vi and V2- It is easy to find sequences {a^} in 
K*_^ and {bi} in K*^ such that log|aj|^^ — +00, log|6j|t,2 ~^ 
the sequence {log + log {bily^} is bounded. We define a sequence 
{Sj = (sf ■')^67e} in Tt^ as follows: 

r 1, if ^;G7^\{l;l,^;2}; 
= I xM"'^) = a. and xM"'^) = 1 all j > 1; 
I = k and x.^^''^^) = 1 for all j > 1. 

We have that {si} is unbounded and that {^{si)} is bounded. (Recall 
that T-ji is considered as a subgroup of T, so that the notation ip{si) 
makes sense.) Since is proper, Sj7r(e) is bounded. Therefore the orbit 
T'ji'^ie) is not divergent. This contradiction completes the proof of (i). 

Assume that TZ contains only one valuation Vo and that rankj^T = 
rankx„„T > 0. It follows from the above definition of ip and the fact 
that X is an homomorphism with compact kernel, that if a sequence {ti} 
in T-ji diverges then {(p{ti)} does too. Therefore T7^7r(e) is a divergent 
orbit. □ 

Proposition 14.31 implies: 

Proposition 4.4. Let T be a K -torus and let TZ be a non-empty subset 
of S . Then the orbit T-jiir^e) is closed if and only if one of the following 
conditions holds: 

(1) 7^ = S; 

(2) Tankx^T = for all v eTZ, equivalently, T-ji is compact; 

(3) IZ = {vo} and rank/^T = rank/^-^^T. 

Proof. Note that if TZ ^ S and T-ji is not compact then T-jiirle) is 
closed if and only if it is divergent. Now the proposition follows easily 
from Proposition 14.31 □ 



5. Parabolic subgroups and divergent orbits 

5.1. Main proposition. Recall that, given a subset 7^ C 5, we use 
the notation pr^^ to denote depending on the context the projection 
G G-ji or the projection q g-ji. 

The goal of this section is to prove the following 
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Proposition 5.1. Let G be a reductive K-algebraic group, IZ he a 
non-empty subset of S, g = {gv)ves ^ G and x = '^{g). Assume that 
rankj^G > and that for every minimal parabolic K-subalgebra b of q 
containing the Lie algebra ofD there exists a horospherical subset M.^ 
of Qn such that Aif, C pr7^(0x) H b-ji. Then the following assertions 
hold: 

(a) For every v E 71 the orbit D^Ti{g) is divergent; 

(b) Ifgn = P^nia) then 



for all V E 71, where = S(f^^,). 

In order to prove Proposition 15. II we will need some facts from alge- 
braic group theory. 

5.2. Intersections of parabolic subgroups. The next three propo- 
sitions remain valid for any field K. 

Proposition 5.2. fBol", Propositions 14.22 and 21.13] Let P and Q be 
parabolic K -subgroups of G. 

(i) (P n Q)-R„(P) is a parabolic K-subgroup; 

(ii) If Q is conjugate to P and contains Ru(P) then Q = P. 

We also have 

Proposition 5.3. |To-We| Proposition 5.2] For every minimal par- 
abolic K-subgroup B containing D we let Pb be a proper parabolic 
K-subgroup containing B. Then 



Keeping the notation and assumptions of Proposition 15.31 we prove: 

Proposition 5.4. Let n G A/g(2g(D)). Assume that for every B the 
group nP-^n^^ is defined over K. Then n G A/g(D)- The projection 
of n into the Weyl group Wa' = A/'g(D)/Zg(D) is uniquely defined by 
the map B nP-Qn~^ . 

Proof. The uniqueness of the projection of n into W^: follows imme- 
diately from Proposition l5.3l and the fact that every parabolic subgroup 
coincides with its normalizer. 



(11) 




(12) 



(13) 




B 
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We will assume that for every B the group Pb is minimal among the 
parabolic i^-subgroups P containing B and such that nPn~^ is defined 
over K. 

Assume that there exists B such that B = Pb- Let B' = n^n~^. 
Since all minimal parabolic -ft^-subgroups are conjugated under the ac- 
tion of Wk and 7Vg(D) = AfG{'D){K)ZG{'D) lEH Theorem 21.2], 
there exists Uo € N'g,(D){K) such that B = noB'n^^. Therefore, 
B = non'B{non)~^ which implies that Uofi G B. Since A/g(D) C 
A/g(2g(D)), we get G A/b(^g(D)). Now, the proposition follows 
from the fact that Zg(D) = 7Vb(2g(D)) [Bol, Corollary 14.19]. 



Assume that Pb ^ B for all B. Choose a Pb with the minimal 
dimension and set P = Pb- Let $(D, G) be the relative root system 
of G with respect to D. (See |BoH 21.1 and 8.17] for the standard 
definition of a system of i^'-roots.) Since P ^ B, there exists a long 
root a G $(D, G) such that ±a are roots of the group P with respect to 
D. Recall that all roots of the same length in $(D, G) are conjugated 
under the action of W;^ \\iu\ 10.4, Lemma C and 10.3, Theorem]. 
Therefore there exists a minimal parabolic A'-subgroup B^ containing 
D such that a is a maximal long root of B"*" relative to D. Let A"*" be 
the set of simple roots corresponding to B"*". Then in the expression of 
a as a linear combination of the roots in A"*" all coefficients are strictly 
positive |Hu| 10.4, Lemma A]. It follows from the explicit description 
of the standard parabolic iiT-subgroups (see |BoH 21.11]), that —a is 
not a root of any parabolic ii'-subgroup containing B"*". Similarly, a is 
not a root of any parabolic ii'-subgroup containing B~, where B~ is 
the minimal parabolic i^-subgroup opposite to B"*". As a consequence, 
one of the K-subgroups (Pb+ nP)i?„(P) or (Pb- nP)i?„(P) is strictly 
smaller than P. Let P ^ (Pb+ n P)i?„(P). Since (Pb+ n P)i?„(P) is a 
parabolic /T-subgroup (Proposition Eilfi)) and ?t,(Pb+ nP)i?u(P)ra~^ is 
defined over K. The latter contradicts the choice of P, which completes 
our proof. □ 

Remark 5.5. In connection with the above proposition, let us note 
that in certain cases A/'g(D) ^ A/'g(2g(D))- As a simple example 
one can consider the special unitary group SU3(/i), where h is an her- 
mitian form with coefficients from K of indice 1. This is a quasisplit 
group of type A2. Therefore A/'g(^g(D))/2g(D) is isomorphic to the 
symmetric group S3 and A/g(D)/Zg(D) is a group of order two. 

5.3. Proof of Proposition 15.11 We start the proof with a general 
remark. We keep the notation from the formulation of the proposition. 
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For every b there exists a finite subset Ail of q{0) wliich spans linearly 
the unipotent radical of a maximal parabolic i^'-subgroup P* of G and 
such that A4b = pY'j^{Ad{g){J\4l). So, if v eTZ, we have 

where B is the i^"-algebraic subgroup of G the Lie algebra of which 
is b. It follows from Proposition I5.2r ii) that there exists a parabolic 
i^-subgroup Pb containing B such that 

(14) Pb = gvPlg;' 

for all V eTZ. 

Let us prove (a). (Remark that (a) follows a posteriori from (b) and 
Proposition 14.31 ) Fix v E 71. We want to prove that the orbit D^7i{g) 
diverges. Let {rfj} be a divergent sequence in D^. Put Sj = g~^digy. It 
is enough to prove that the sequence {sj7r(e)} is divergent. Passing to 
a subsequence we may assume that {d~^} belongs to the Weyl chamber 
corresponding to some minimal parabolic i^-subgroup B. Let u be the 
Lie algebra of Ru{Pl). Let m be the dimension of u and let /\™Ad 
be the adjoint representation of G on the m-th exterior power /\"^ Q- 
Since u is defined over K, there exists a non-zero K-rational vector 
z G /\™ Q corresponding to u. It is known (see the proof of Proposition 
15. 4|) that if a is a maximal root of B with respect to D then a is a 
root of every standard parabolic subgroup containing B and, given the 
choice of {cii}, limj^oo a('^i) = 0. Since P[, = g^P'^g'^ and P[, is a 
parabolic containing B, we obtain that 

m 

lim II i\A(\{di)gvz'^^ = 0. 

This implies 

m 

lim C5(A Ad(s,)z) = 0. 

It follows from Theorem 13. II fii) that {sj7r(e)} diverges. This completes 
the proof of (a). 

Note that (c) follows immediately from (b). So, it remains to prove 
(b). Let P* be as above. Set H = Hb-^*- Since P^, is a ii'-parabolic 
subgroup of G containing B, in view of Proposition 15. 3( we get that 

(15) H = f|(?,"^Pt,^7. = g-\^'Pb)gv = g-'ZG{Ti)g, 

b 6 

for all V ElZ. 

Note that the groups Zg(D) and H are reductive and defined over 
K. Let Z (respectively, Z*) be the Zariski connected component of the 
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center of Zg(D) (respectively, H). It follows from (fTK|) that 

(16) Z- = g-^Zg, 

for all V eTZ. Since D is a maximal i^'-split torus of G, we have that 
D = Zrf, where Z^ is the largest iT- split subtorus of Z. 

Denote by Z* the largest i^-split subtorus of Z* and assume that 
Z* is not maximal in G. Let Z* be the largest /T- anisotropic subtorus 
of Z*. Fix V & TZ. Since every ii'-torus is an almost direct product 
over K of its largest i^-split and its largest i^"-anisotropic subtori |BoH 
Proposition 8.15], it follows from (|T6|) that there exists an element t G 
7i*^{Ky)f\g^^^'D{K^)gy such that {t"|?2 G N} is a divergent sequence. In 
view of (a), {gvi^gv~^T^{.9)}, and therefore {t"7r(e)}, are also divergent 
sequences. The latter contradicts the fact that the orbit Z*(i^'7^)7r(e) is 
compact (see Theorem 14.11) . Therefore Z* is a maximal /T-split torus 
of G. 

Since the maximal i^'-split tori are conjugated under G{K) jBoll 
Theorem 20.9], there exists q G G{K) such that Z* = g~^Dg. Also, 
Zg(Z') = g-iZG(D)g, Zg(Z') D H and dimH = dimZG(D). There- 
fore, 

H = g-iZG(D)g. 

In view of (|15p . we have 

(7,g-lGA^G(ZG(D)),V^;G7^. 
Given v ^ 71, the group 

qg;'P,iqg-Y' = Q^lQ-' 
is defined over K for every b. It follows from Proposition 15 .41 that there 
exists n G AfG(D){K) such that 

(17) nqg;;' eZG{rt),\fven. 

Since n is the same for all f G 7^, (I17|) implies (|lip. which completes 
the proof. □ 

6. Proofs of Theorem 11. 41 and of its corollaries 

6.1. Proof of Theorem 11.41 Let the conditions (i)-(iii) in the for- 
mulation of the theorem hold. Since rank^^^G > rank^^G, it follows 
from (ii) that rankj^^G = rank^G for all v E TZ. Therefore, T-ji/ D-ji 
is compact. So, T-jin^g) is closed and locally divergent if and and only 
if DTi7c{g) has this property. In view of (iii), g~^D-jig = D-ji, where 
D-ji = D^K-ji) and D is a i^'-split torus. Using (i) and Proposition 14.31 
it is easy to see that DTiii{g), and therefore D-jin^g), are closed locally 
divergent orbits. 
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Let the orbit T-jiirle) be closed and locally divergent. In view of 
Theorem I4.ir b). rank^^G > 0. Moreover, since every T^, is a product 
of a maximal X^-split torus and a compact, we can suppose without 
loss of generality that is a maximal -f^ti-split torus. 

Denote by S the connected component of the Zariski closure of 
g^^T-jig n r in G. Suppose that S is not trivial. Then TZ = S. Set 
S = S{Ks). Since S is not compact, S7i{e) is locally divergent and S is 
X^-split, V E S, it follows from Proposition 14.31 that S is i^-split. Set 
H = Zg{S), H = li{Ks) and A = n r. Let t^h ■ H ^ H / /\ be the 
natural projection. Remark that H is a reductive group [BqI, 13.17, 
Corollary 2]. Choose a maximal i^-split torus S of H. Then S D S 
and there exists q G G(i^) such that 

(18) S = g-^Dg. 

Denote = S{K^), v E S, and S = S{Ks). There exists h = 
{hv)v(zs G H such that h'^S^h^ C g~^T^g^ for every v G S. Denote 
Tv = Kg~^Tygyh~^ and T = Ylves^^- Then S C T C H and Tnuih) 
is a closed locally divergent orbit. Suppose for a moment that the the- 
orem is valid for H. Then the conditions (i) and (ii) in the formulation 
of the theorem are automatically fulfilled because rank^^G = rank^^H 
and ranki^^G = rankj^^H, f G 5. Since h = zd, where z G AfniS) and 
d G li{K), using (fTHj) . we obtain 

D = gh-^Shg-^ =gdSd-^g-^ = 

= gdq~^Dqd^^g^^. 

Therefore, g G N'g{D)G{K), which proves (iii). The above discussion 
reduces the proof to the case when S is a central ii'- split torus in G. 
In this case G is an almost direct product over i^' of S and a reductive 
/T- group. Factorizing by S, we can further reduce the proof to the case 
when S is trivial. 

So, in order to complete the proof of the theorem, it is enough to 
consider the case when Tuir^g) is a divergent orbit. The rest of the 
proof breaks in two cases according to whether or not the assumptions 
in the formulation of Proposition 15.11 are satisfied. 

Assume that for every f^-subalgebra b of containing Lie(D) the 
intersection Wn^Qx) H h-ji, where x = n{g), contains a horospherical 
subset. Then (iii) follows from Proposition 15. If b) . and (ii) from Propo- 
sition E^c) and Theorem I4.ir b). The condition (i) follows easily from 
(ii), (iii) and Proposition 14.31 

Now assume the contrary, that is, that there exists a minimal para- 
bohc iiT-subalgebra b of g containing Lie(D) and such that pr7^(0a;)nb7^ 
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does not contain a horospherical subset. We will prove that this as- 
sumption leads to contradiction. (As in |To-Wej . our argument is in- 
spired by Margulis' one, cf . |To- Wei Appendix].) Let u~ be the unipo- 
tent radical of the minimal parabolic i^-subalgebra opposite to b. For 
every positive integer n we let -B„ be a ball of radius n in q. Since 
is discrete in g, the family of the horospherical subsets in pi-jiigx) H bn 
is finite. In view of this and the assumption that pT-j^{gx) H b-ji does 
not contain horospherical subsets, for every n there exists an element 
Sn £ such that Ad(s„) acts as an expansion on and 

(19) Ad{sn)M ^ 

for every horospherical subset M. C gx Bn- 

Using Proposition |n3ta), we fix a compact neighborhood Wq of 
in g such that Wq C -B„ and for every x G G/T the subalgebra of g 
spanned by gx H Wq is unipotent. 

Proposition 13 . 51 and the choice of Wq imply that there exist a constant 
r > 1 and a finite set ti, ... ,ti in D-ji such that for every y E G/T there 
exists t E {ti, . . . ,ti} satisfying 

(20) \\Ad{t)a\\n > r||a||7^, Va e gy n Wo. 
We put 

I 

W = Wof]{f]Ad{U)Wo). 

1=1 

Given a positive n G N, we define inductively a finite sequence 
Po,Pi, ■ ■ ■ ,Prn follows. We put po = Sn- Assume that Po,Pi, ■ ■ ■ ,Pi 
are already defined. If Ad(pj . . .po){gx) H W does not contain a horo- 
spherical subset then po,pi, . ■ ■ ,Pi is the required sequence. If not, we 
put pi+i = t, where t satisfies (pUll with y = pi . . . pox. With the same 
y and Pi+i, remark that if 6 G 0y and b ^ Wq then Ad(pj+i)6 ^ W. 
This and fl20|) imply the following 

Claim: If po,pi, . . . , pr are already defined, 0<i<r,y = pi... pox, 
b E gy and b ^ Wq then Ad(pj . . .pj+i)6 ^ W for every j such that 
i < j < r. 

The claim implies that the cardinality of Ad(pj . . .po){gx) H W does 
not increase with i and, moreover, the sequence {pi} is finite. Put Qn = 
Prn ■ ■ -PiPo- It follows from Proposition 13. 4f b) that the sequence {gnx} 
is bounded in G/T. Since the orbit T-j^x is divergent, the sequence {gn} 
is bounded in T-ji. Also note that, given the above definition of Sn, the 
sequence {sn} is unbounded. Again by Proposition I3.4r b). passing to 
a subsequence, we may assume that r„ > for all n. 
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Let hn = Vr^dri and A1„ be a horospherical subset of Ad(/i„)(gx)nVr. 
Assume that kd{h~'^){Mn) C Then it follows from (HHI) that 

k(l{pQh-^){Mn) ^ Bn- The Claim implies that Mn ^ W", which 
contradicts the choice of M.n- Therefore, 

Since M.n C W and is compact, the sequence {h~^} is not bounded. 
Therefore, {gn\ is not either. Contradiction. □ 

6.2. Remarks, (a) It follows from the proof of Theorem 11.41 that if 
4i^S > 1 and the orbit Tx (where T = Ts) is closed and locally divergent 
then the Zariski closure of g~^Tg fl F in G contains a maximal i^'-split 
torus. 

(b) Since A/g(D) (-ft') meets every coset of the quotient A/g;(D)/2g(D), 
we have that Zg{D„)G{K) = AfG{D^)G{K) for every v. On the other 
hand, it is easy to see that Zg^DtiiG^K) ^ AfG{D'ji)G{K) whenever 
^71 > 1 and G is a semisimple /^-isotropic group. 

6.3. Proof of Theorem 11.11 Let us first prove (b). Since the diver- 
gent orbits are locally divergent and closed we can apply Theorem 11.41 
If TZ is not a singleton it follows from Theorem 11.41 (i) that TZ = S. 
Also it follows from Theorem 11.41 (ii) an (iii) that Ts is a compact 
extension of Ds- So, Ds7i{g) diverges. This contradicts Proposition 
14.31 Therefore TZ = {v}. Again by Theorem II. 4t rank^^G = rank^G 
and g G AfG{Dv)G{K^). Now in order to complete the proof of (b) it 
remains to apply the remark 6.2 (b). 

Let us prove (a). The implication <^= follows trivially from Proposi- 
tions |li21 and |01 Suppose that TTi7i{g) is closed. If Tfiii^g) is diver- 
gent it follows from (b) that 7^ is a singleton. Let TZ = {v}. Since 
rankx^G = rank^G, T^, is a compact extension of D^. But g = zq, 
where z G Zg{D^) and q G G{K). Therefore g~^T^g is a compact ex- 
tension of L(i^'t,), where L = g^^Dg, which proves (a) when T-jiTilg) is 
divergent. Let T-jiirlg) be not divergent. Then g~^Tg fl F is not finite, 
in particular, TZ = S. Let L be the connected component of the Zariski 
closure of g^^Tg fl F in G. Set H = Zg(L). Since H is an almost 
direct product over i^' of L and of a reductive i^'-group, factorizing by 
L, we can reduced the proof to the case when L is trivial. In the latter 
case either Ts is compact and there is nothing to prove or Tsirig) is 
divergent. This complets the proof of (a). □ 



6.4. Proof of Corollaries 11.31 11.51 and II. 6L Corollary 11.31 follows 
from Theorem 11.11 fa) and Remark 6.2 (a), and CoroUarv 11.51 follows 
from Theorem 11.41 and Remark 6.2 (b). 
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Let US prove Corollary II .61 The part (a) is immediate from Theorem 
I1.4I In order to prove (b), remark that {AfGiP) x ArG(D))diag(G) ^ 
G X G, where diag(G) is the diagonal imbedding of G into G x G. 
Therefore, there exists {gi,g2) G (G x G){K) such that {gi,g2) ^ 
(A/g(D) X A/'G(D))diag(G). Let fi and V2 be two different valuations 
in S and let g = {gv)v£S € G be such that g^^ = gi, g^^ = g2 and = 1 
for all V G iSyit;!, ^2}. It follows from Theorem ll .41 (111) and Proposition 
14.31 that the orbit T-jin^g) is locally divergent but not closed. □ 

6.5. Remark. In connection with Corollarv 11.61 fa), note that if G is 
a real Q-algebraic group and Doo is an M-split algebraic torus of G 
with dim Doo > rankQG, it was proved by B.Weiss jWej that there 
are no divergent orbits for the action of Doo on G/T. The following 
generalization of this result is proved [To2 : Let G and F be as in the 
formulation of Theorem II. H f G iS and D^, be a i^t,-split torus of G. 
Assume that dimD^, > rank/^G. Then G/T does not admit divergent 
orbits for the action of = D^^K^). 

7. Number theoretical application 

Let Ks[ X ] be the ring of polynomials in n variables x = [xi, . . . , x„) 
with coefficients from the topological ring Kg. Let f{x) = li{x) . . . lm{x) 
G Ks[ X ], where . . . , lm{x) are linearly independent over Kg lin- 
ear forms. 

The following is a reformulation of Theorem 11.91 from the Introduc- 
tion: 

Theorem 7.1. With the above notation and assumptions, suppose that 
f{0") is a discrete subset of Kg. Then f{x) = ag{x) for some a G Kg 
and some g{x) & 0[ x ] . 

The following examples show that the hypotheses in the formulations 
of Theorem 17.11 are essential and can not be omitted. 

Examples. Let a G M be a badly approximable number, i.e. there 
exists a c = c{a) > such that 




for all p/q G Q. (Recall that the quadratic irrationals, such as a/2, 
and the golden ratio (a/5 + l)/2 are badly approximable.) Consider 
the form f{x,y) = x'^{ax — y). Then the set of values of / at the 
integer points is discrete but f is not a multiple of a form with rational 



DECOMPOSABLE FORMS AND TORI ORBITS 



23 



coefficients. The reason is that / is a product of hnearly dependent 
hnear forms. 

The hypothesis that / is decomposable is also essential. In order to 
see this it is enough to consider a form /(x, y) = x"^ + Py"^ where /? is a 
positive irrational real number. It is obvious that /(Z^) is discrete in 
M. 

We put G = SL„. So, G = SL^iKs) and T = SL„(0).) The 
group G is acting on Ks[ x ] according to the law {af){x) = f{a~^x), 
where cr G G and / G Ks[ x ]. We denote /o( It is 

clear that if / G Ks[ x ] is as in the formulation of Theorem 17.11 then 
f{x) = a{afo){x) for some a E G and a G Kg. We will denote by Hf 
the stabilizer of / in G. 

We precede the proof of Theorem 17. ll bv the following general propo- 
sition. 

Proposition 7.2. Let f{x) = ((t/o)(x) for some a E G . Assume that 
/(O") is a discrete subset of Ks- Then Hfn{e) is closed in G/V . 

Proof. Let 7r(a), a E G, belong to the closure of HfTx{e). Fix a 
sequence hi G Hf such that limj^oo /ij'7r(e) = 7r(a). There exist 7i G F 
and hi E G such that limj^oo h = e and /ii7j = hia. Since f{0^) is 
discrete, for every z G there exists a real number c{z) > such 
that 

(21) fi^a) = f{Kl^?) = fihaz) = f{az) G /(aO") n /(O") 
for all i > c{z). 

Let X15X25 ^ -ft'f x ] be the set of all monomials of degree m. 
We consider xijX2, ---jXi as homomorphisms of multiplicative groups 
K*"^ _j. j{* Since xijX2, ---yXi cire linearly independent over K, i.e. 
whenever we have a relation 

aiXi + 0^2X2 + • • • + aixi = 0, 

with ai E K then all = 0, there exist zi, Z2, zi G such that 
det(xfc(-?s)) 7^ 0. In view of (f?T|) . there exists c > such that 

(22) fibiazs) = fiazs) 

for all s and i > c. 

The form / can be regarded as a collection of forms fy E Ky[x],v & 
S. Since det(xA:(^s)) 7^ 0, using (f^ . we get that 
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for all f G iS and i > c, where bi^ is the f-component of bi and a„ is the 
f-component of a. Hence bi G Hj for all i > c. So, we obtain that 

7r(a) = b~^hin{e) E Hfn{e), 

which proves that Hf7i{e) is closed. □ 

Given a subgroup L of G, we will write L„ for the subgroup generated 
by the Zariski closed in G unipotent subgroups of L. 

The following is a particular case of Theorem 3 from |Tolj . 

Proposition 7.3. Let L be a closed (for the Euclidean topology) sub- 
group ofG. Assume that L7i{e) is closed and L„7r(e) is dense in L7r(e). 
Let P be the connected component of the Zariski closure of LCiT in G 
and let P = P{Ks). Then 

(i) P D Lu and there exists a subgroup of finite index P' in P such 
that Ln{e) = P'Tx{e); 

(ii) If Q is a proper normal K -subgroup of P, there exists v G 
S such that [P /Q,){Ky) contains a unipotent element different 
from the identity. 

Proof of Theorem 17.11 Let Hq be the Zariski connected compo- 
nent of Hf^. It is easy to see that 

(23) 

^°^{(o s)'^^ ^"^ ^ ^ M.mx{n~m){Ks) and s G SL„_„(ir5)| , 

where Dm is the group of all diagonal matrices in SLm{Ks). Since 
/ = c/o, "we have that 

H = aHoa-^ 

is the Zariski connected component of Hf. 

Let J-'m be the -fr^-module of all homogeneous polynomials of degree 
m in iir5[a;]. A simple calculation shows that Kgfo is the submodule 
of all i^Q- invariant elements in J-'m- Therefore, 

(24) Ksf = {heTm\cTh = hyaeH}. 

It follows from |Ra| Theorem 2] that there exists a closed subgroup 
L of G such that L7r{e) = Hui^{e). Let P be the connected component 
of the Zariski closure of LflF in G and let P = P{Ks)- By Proposition 
17.31 L7r(e) = P'7c{e) where P' is a subgroup of finite index in P. On the 
other hand, since Hfn{e) is closed f Proposition 17. 2j) and H has finite 
index in Hf, H7r{e) is also closed. Therefore, P' C H. Since Hu C P', 
it follows from Proposition 17.31 fii) and from the description ()23|) of Hq 
that Hu = P and Ln{e) = P7r(e). 
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Let Q be the commutator subgroup of A/g(P)- It follows from (jSBI) 
that Q is a semi direct product over i^' of P and of an algebraic group R 
defined over K which is isomorphic over to SL^ for all v E S. (Note 
that R is isomorphic to SL^ over a finite extension of K but, in general, 
R is not isomorphic to SL^ over K itself.) Let R = Ylves ^viK^) and 
T = Rn H. Then T = Ylves "^viK^), where T^, is a maximal Kt,-split 
torus in R, and H = TP. Since the projection of H into Q/{Q CiT), 
where Q = Q{Ks), is closed, the projection of T into R/{R fl F) is 
closed too. Applying Theorem II. ![ we get a torus T in R defined over 
K such that T = T{Ks). Therefore, H = ii{Ks), where H = TP is 
an algebraic group defined over K. 

It follows from the above that ii{K) is Zariski dense in H. Note 
that given a G ii{K) the coefficients of all h G J-'m such that 



can be regarded as the space of solutions of a system of linear equations 
with coefficients from K. Therefore, in view of ((23), there exist g{x) G 
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